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Abstract. We give a method to construct new self-adjoint representations 
of the braid group. In particular, we give a family of irreducible self-adjoint 
representations of dimension arbitrarily large. Moreover we give sufficient 
conditions for a representation to be constructed with this method. 



1. Introduction 

The braid group of n string, B„, is presented by n — 1 generators, ri, . . . , t„_i, 
and the foUowing relations 

TfcTj = TjTfc, whenever \k ^ j\ > 1; 

TkTk+iTk = Tk+iTkTk+i, 1 < k < n - 2; 

The objective of this work is to give a step forward in the classification of the 
irreducible representations of B„. As long as we known, there are only few contribu- 
tions in this sense, some known results are the following ones. The classification is 
completed for representations of dimension lower or equal to n. Formanek classified 
all the irreducible representations of B„ of dimension lower than n [4] . Sysoeva did 
it for dimension equal to n [7]. Larsen and Rowell gave some results for unitary 
representation of IB„ of dimension multiples of n. In particular, they proved there 
are not irreducible representations of dimension n -I- 1 |Bj . Levaillant proved when 
the Lawrence-Krammer representation is irreducible and when it is reducible [5] . 

In a previous work [3], we gave a family of irreducible representations of B„ 
described as follows. Let m < n and let X be the set of n-tuples with m ones and 
n — m zeros. For example, if n = 4 and m ~ 2, 

X = {(0,0, 1,1), (0,1, 0,1), (0,1, 1,0), (1,0, 0,1), (1,0, 1,0), (1,1, 0,0)} 

Let y be a complex vector space with orthonormal basis [3 = {vx ■ x £ X}. 
Note that the permutation group §„ acts on X permuting the coordinates. For 
each X G X choose a complex number qx^yX^+n which depends only on components 
k and fc -|- 1 of x. We defined a representation : B„ GL{y), given by 

(j)ni{Tk){Vx) = qx^,x^ + ^V„^(x) 

where Uk is the transposition which permutes the places k and fc -f 1 , and 

_ / 1 if = Xk+i 

1 t ilXki^Xk+l 
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with t a real number and t ^ 0, 1, 
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Let n > 2, then 
for all 1 < 



of dimension 



nVm) is an irreducible representation of 
m\(n-m)\ ' "•'^'^ ^ :^ fTi < Ti. In particular, if m = 1 is equivalent to the standard 
representation which is the unique irreducible representation of B„ of dimension n 
[7]. If m = 2 this representations has dimension n(n+ 1)/2 as well as the Lawrence- 
Krammer representation, but they are not equivalent. Indeed, <f>m satisfies the 
condition Q that is formulates below and the Lawrence-Krammer representation 
does not. Therefore, we are almost certainly that these representations are not 
equivalent to any other known representation. 

Note that these representations satisfy the following properties for all j,k, 1 < 
j, fc < n - 1, 

(1) 4>m{Tk) is a self-adjoint operator and <f>m{Tkf' ^ Al\ 



for all A e C, 



(2) [0™(Tfc)2,0„(T,)2] =0, 

On the other hand, the spectral decomposition of 4>m{Tk)'^ is t^Pk,o + Pk.i for the 
appropriated projections Pk.i and 

r p,-i ifjvfc + i 

4>ni{Tk)P],l4>ni{Tk) ^=1 PkfiPk+lfi + Pk,lPk+lS ifj = fc+l, ^ = 

[ Pk,iPk+iM + Pk,oPk+iA ifj = fc + i, ; = i 

That is, 

(3) (t)ni{Tk)Pj.i(t)ra{jky^ £ N for all spectral projections Pj,i of (t)m{TjY , 

where N is the algebra of linear operators generated by the spectral projections 
{Pj,i : 1 < J < - 1, ^ = 0, 1}. 

In this work we are going to parametrize, through 4-tuples (X, tt, z^, [/), all the 
representations of B„ with these three properties (see Theorem l2.2|) . In particular, 
they are representations of the quotient group of B„ given by the relation ([2]). Note 
that this quotient is a covering of S„ . 

Moreover, we can give sufficient conditions for these representations to be irre- 
ducible (see Theorem 14.11) . As an important consequence of this parametrization, 
we construct explicit examples of irreducible representations of dimension arbitrar- 
ily large. More precisely, Theorem 14.31 savs that for any positive integer Af, there 
exists an irreducible representation of B„ of dimension greater than M . 
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The family of representations that satisfy the conditions ([T]) , ([2]) and ([3|) contains 
a subfamily of some known ones as the diagonal local representations (see section 

El). 

This work is divided in 4 sections. In the section 2, we give a method to obtain 
non unitary self-adjoint representations of ]B„ from a 4-tuple (X, tt, u, U) and we 
parametrize the representations of the braid group mentioned before through of 
4-tuples. In section 3, we present the corresponding parameters of some known 
representations as certain diagonal local representations. Finally, in section 4 we 
give some conditions in the 4-tuple to guarantee the irreducibility of the associated 
representation and we present a family of irreducible representations of dimension 
arbitrarily large. 

2. PARAMETRIZATION of non UNITARY SELF-ADJOINT REPRESENTATIONS OF B„ 

In this section we are going to construct representations of B„ and we are going 
to parametrize those that satisfy three special conditions. We start recalling the 
definition of cocycle. 

Let G be a discrete group, tt be an action of G on X, and let : X ^ N be a 
TT-invariant function, that is for each g ^ G, v(Tr(g)x) = I'ix) for all x X. For 
each non negative integer m we fix a vector space Vm of dimension m and for each 
a; e X, if i/{x) = m, we choose the vector space 14 — Kn- Let V = ^^^x ^ 
cocycle is a function U : G x X ^ GL{V) which satisfies the following properties: 

(1) for each xeX, [/(•, x) : G ^ GL(T4), 

(2) Uil,x) = for aU xeX, 

(3) U{gig2,x) = U{gi,n{g2)x)U{g2,x) for all x £ X and for all 51,^2 G G. 

If G is a discrete group presented by generators and relations, it is enough to 
define a cocycle U in the generators with some relations that come from the relations 
of G. In the case G — B„, the equations of cocycle for the generators are, 

f4) U{Tk,Tr{Tk+l)'!r{Tk)x)U{Tk+l,Tr{Tk)x)U{Tk,x) = 

^ U{Tk+l,TT{Tk)TT{Tk+l)x)U{Tk,TT{Tk+l)x)U{Tk+l,x) 

if 1 < fc < n - 2 

(5) U{Tj,TT{Tk)x)U{Tk,x) = U{Tk,Tr{Tj)x)U{Tj,x) 

if \j - fc| > 1. 

From now on fix the notation for iTkX — Tr{Tk)x. We can define the following 
representations of B„. Let {X, tt, v, U) be a 4-tuple where 

(1) X is a finite set; 

(2) TT is an action of B„ on X; 

(3) : X — ^ N is a 7r-invariant function, that is for each fc, z^(7rfe(a;)) = for 
all X e X ; 

(4) [/ : B„ X X GL{V) is a cocycle, where V := 0^gx and := Vm if 

— m. Note that each element in V can be written by X^^ex x ®Vx. 

Then 

= : B„ ^ GL(V) 

defined by 

(6) <l>{Tk)C^ X ® Vx) = ^ X ^U{Tk,n^^x)v^-i^ 
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is a representation of B„ on V. 

Observe that if the action is transitive, that is X is the orbit of an element 
xq G X, then V is the set of global sections of a trivial vector bundle, because 
V^ = W for allx e X andV = X xW. 

Ejemplo 2.1. Let p be a representation of B„ on a vector space W. Consider 
the 4-tuple (X, tt, i/, [/), where i'{x) — dim(W^) for all x G X and the cocycle 
[/ is a constant function on X defined by U{Tk,x) = p(Tk). Then <j)[x.-K,v,u) is a 
representation of dimension |X|dim(T4^). In section 4 we are going to give conditions 
in the 4-tuple to obtain an irreducible representation. 

Using this construction of representations, we can see that all the representations 
of B„ that satisfy the properties ([T]) , ([2]) and ([3]) given in the introduction are of 
this type. More precisely, they can be parametrized as follows. 

From now on for a representation iji of B„ fix the notation ipk '■— '/'('''fe)- Let N 
be the algebra of linear operators generated by the spectral projections associated 
to the operators i/;^. 

Theorem 2.2. Let tp : B„ GL(V) be a finite dimensional representation of the 
braid group B„. Then, -ip satisfies the following conditions, for all k,j, 

(1) ipk is a self-adjoint operator such that ip^ ^ Aly; 

(2) [r^l^]]=0; 

(3) '0fePj_/?/'fe ^ & N for all spectral projection Pj i associated to ipj, 

if and only if tp is equivalent to (p(x,-n.u,u)! for some A-tuple {X,Tr, 1^,11), where the 
action tt satisfies that irf. — \ for all k and U is a cocycle such that U(Tk,x)* = 
U{T}.,iTkx) for all X £ X and U{Tk,x) U{t}~,x)* commute with U{Tj,x) U{Tj,x)* 
for all k, j . 

Proof. As V'fc is a self-adjoint operator over V for each fc, 1 < < n — 1, then ip^ 
is self-adjoint as well. Let ipf = J2i(£i ^k,iPk,i be the spectral decomposition of i/'^, 
where the cardinality of / is grater than 1 because ip\ ^ Aly. 

Note that the index set / does not depend on k. Indeed, each generator of B„ 
is conjugate to ri (see [2] p. 655), then for all k, tpk has the same eigenvalues than 
ipi . On the other hand, the eigenvalues of ^pl are the squared of the eigenvalues of 
ipk, therefore -0^ have the same eigenvalues than ipf. Then the cardinality of / is 
the same for all k. 

Moreover, the commutativity condition ensures that the operators {ipkYkZl si- 
multaneously diagonalize and V can be decomposed in a direct sum of subspaces 
= ^kZi^™-Pk,x^, where x = (xi, . . . ,a;„_i). That is, if 

X = {{xi, Xn-i) : .T, G /, 1 < i < n - 1 and n'^zl lmPk,x, 7^ {0}} 

then V = ©j-gx Let : X ^ N be the function defined by i'{x) dim(t4). 

Note that there is a correspondence between projections Pk_i and the following 
subset of X, 

Xkd := {x ^ X : Xk = 1} 
Then {x} — Ci^ZiXj^xj- With this in mind, the condition (3) says that the pro- 
jection 'ipkPj,i'>Pk^ corresponds to a subset of X that we will call X^^(^jiy As 
4'kPj,i4'k^ G N, the subset X^^jj^j) is union of intersection of the subsets Xh,i- 
Therefore, we can define an action tt of the group B„ on X given by 
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We are going to prove that tt is actually an action in lemma [2T3l 
Now, we prove that v['Kkx) — v{x) for all a; £ X and all fc, 1 < k < n — \. 
Note that \i V € Vx ~ r\^~llTiiPj^., then Pj-^.iy) = v for all j. Therefore, for 
all j, il^k{v) = il}k{Pj,xj{v)) = P^i^(^j^x.)->pk{v), by condition This means that 

M^) e npiimP,,(,-,^) = v^,x. 

Suppose that there exists x £ X such that — m and v{Trk{x)) < m. Let 
{hi, . . . hm} be a base of Vx- Then the set {hi, ... , hm} is linearly independent 
in V. As tpk is invertible, the set {wi = 'ipkihi), . . . ,Wm = '4'k{hm)} is linearly 
independent in V as well. But Wi G for all i. Then {wi, . . . , Wm} is a linearly 

independent set in Vt^^x- That is a contradiction because iy{'Kk{x)) < m. Thus, 
vintx) = iy{x) for all x G X. 

Now, denote any element v G V hy v — X^aiex ^ ® ^x to remark the dependence 
on X of the component of v in V^.. For each fc, consider the following operator on 
V, 

Ak{^ x(g)Vx) = ^ a; (g) v-^^x 
xex xex 

Observe that Af^ is well defined by the 7r-invariance of v and it is invertible, 
^^x^ ® Vx) — J2xGX^ ® v^-i^. Furthermore, they have the following 
property. 



(8) AkP.u = 
On the other hand, condition (3) says 

(9) tpkPj.i = P^,,{j,i)tpk 

Let C/(rfc) := ipkAk, it commutes with all the projection Pjj by ^ and Then 
U{Tk) decomposes in blocks which acts in each Vx, that is there exists U{Tk,x) : 
Vx Vx such that 

U(Tk){'^ x(E)Vx) = ^ a; (g) U{tu,x)vx 

x£X x^X 

Then -0^ = U{Tk)A'j,'^, that is 

'^k(^ X ® Vx) ^ '^X® U{Tk,T:'k^x)v^-l^ 
xex x£X 

The relations of the braid group imply that the operators U{Tk,x) verify the 
following equations, 

U {Tk,'Kl^x)U {Tk+l,1TlliTTl^x)U{Tk, T^k^T^kll^^k^^) = 

U{Tk+i,Tr^l-i^x) U{Tk,Tr'^'^Tr'^lix) UiTk+i.n^liTTk^n^l^x) 

if 1 < fc < n - 2, 

U{Tk,Tr'i:^x)U{Tj,TT~'^TT~'^x) = U {tj , TT~'^ x)U {Tk , Tr~'^TT~'^ x) 
if li - fc| > 1. 

This means that U : Mn x X ^ GL(V^) is a cocycle. Using the inner product V, 
we obtain that V'fc(Sa;ex ^ ^x) — J2xex ^ ® U{Tk,x)*v.,^^x- Note that under this 
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inner product the subspaces Vx are orthogonal. But 4'k is self-adjoint, then for all 

Therefore Uirk^xYvT^^x = Ui'''k,'^k^^)^TT^^x- ^^^^ ^^^^ equality has sense if 
TTfe ~ T^k^- such case [/(r^, a;)* = U{Tk, tt^x) for all x & X. 

It rest to see that U{Tk,x)U{Tk,x)* commutes with U {tj , x)U {tj , x)* for all k,j. 
Observe that V'fc = V'fcV'fc, then 

(10) 

= J2xex^'^U(.'^k,T^k ^x)U{Tk,Tr^ ^x)*U{Tj,Tr^ ^x)U{tj,tt. '^xfvx 
On the other hand 

il?jil^lC^x®Vx) = ^ a;® f7(Tj,7r-ia;)?7(Tj,7r-ia;)*l/(Tfe,7r^ia;)[/(rfc,7r^:ia:)*w^ 
As -0^ commutes with tAI, then for each x ^ X, 

[U{Tk,n^^x)U{Tk,TT^^x)*,U{Tj,n-^x)U{T,,TT-\y] = 

Conversely, we have already seen that </> = 4'(x,-k,u,u) define a representation of 
B„ on = ®x£X rests to see that it satisfies the conditions ([T|), ^ and 

®. 

We have just seen that (t^X^^x&x^ ® ~ X^xgx ^ ® U{TkTx)*VT^^x but the 
hypothesis over U said that U{Tk,x)* — U{Tk,TTkx), then 

(t'kCLxex ^ '"^) = J2xex^® U{Tk,x)*v^^x = J2xex^® U{Tk,7rkx)v„^x 

= Exex ^ ® U{Tk,Tr^^x)v^-i^ = MJ2xex ^ 

Therefore (j)k is self- adjoint for all k. The condition ^ follows directly from the 
property that U{Tk,x)U{Tk,x)* commutes with U (rj , x)U (rk , x)* and the calculus 
(ITUl) . For the last condition, note that ipk — J2iei ^k,iPk.i, where Pkj is the orthog- 
onal projection over the subspacc ^xex^ i ^ with Xk^i — {x lE X : Xk — I}- Then, 
we have that 

4'kP'jAk^iY.xex x®Vx) ^(pkPjd {J2xex^ '^U{Tk,x)~'^v^^x) 
= 4>k {Y.xex^®Xx,Ax)U{Tk,x)~^v.,:^x) 

= T,xGX ^ ® XX,,, {T^k^x)U{Tk,TTk^Trkx)U{Tk,x)-'^V^-l^^^ 

= J^xex^^Xx.A^k^'')'^^ = P^k(x,,,) (Exex 2; 8) 

(here, xXj ;(a;) = 1 if a; G Xjj and XXj^iix) = in other cases), hence (3) is true as 
we wanted. □ 

This parametrization by 4-tuples is not a bijective correspondence, that is, dif- 
ferent tuples may define equivalent representations. The following lemma complete 
the proof of the theorem. 
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Lemma 2.3. The map tt given by ^ is an action o/B„ on X. 



Proof. We must see that f^"^iTrk{Xj,xj) 7^ and that 7rfe(x) is an element of X, 



3 

that is n"^jVfc(Xj_2;J ^]=iXj,i^ for some e /. 

In fact, X is identified with the set ri^Z^Xj^xj which is associated to the non- 
zero projection YVj=i ^jxj ■ Iii the same way, l^^^iT^kiXj^xj) is associated to the 
operator 

n—1 n—1 

j=i i=i 

It is non zero since ^'i'^'k) is invertible. Hence, r\"IiT:kiXj^xj) 7^ 0- 

Note that for each j and r,l<j,r<n — 1, there exists Ir E I such that Xr^i^ H 
7rfe(Xj>j) 0- In fact, for each r, Y^iei Pr,i = ly- Hence ip{Tk)Pj,xjfp{Tj:^) = 
12i<£ii'^i'^k)Pj,xjiPiTj7^)Pr.i)- As the left side is a non-zero projection, there exists 
Ir & I such that ^{Tk)Pj^xji^iTi7^)Pr.i is non-zero. Then, Xrj^ nTrk{Xj^xj) is a non 
empty set. 

This says that all the sets Xr^i^, I < r < n — 1, appear in the expression of 
TTkiXj^xj) as a union of intersections of the subsets Xjj of X. That is, if 



where 1 < J < — 1, 'ti-' = (ti^, mj, . . . , w^j) and U is some index set, then for 
each r there exists i such that = r and = 

Note that Ir can depend on j, but we can choose it such that it does not. 
In fact, we want to see that for each r there exists Z,- € I such that for all j, 
^ ^ j ^ n — 1, Xrj^ n TTkiXj^xj) 7^ 0- Suppose that for all I G /, there exists j' 
such that Xr,; n TTkiXj'^x-,) = &■ Hence, 

= Uiei(Xr,inTTk{Xj,,x^,)) = n7rfc(Xy,^^.,) = X mTk{Xj, ^x^,) 

which is a contradiction. 
Compute n'JZi'^kiXj.xJ, 

<^Xtk ,^k n • • • n -^t^^,mfe^ n • • ■ n ^t^-i_„,^-i n ■ • • nx^^ 

But if in a term of the union 

Xtimi n Xti^mi n • • • n Xji^ „ii^ n • • • n x^k ,^k n Xtfc_„jfcn 

n • • • n x,k^ n • • ■ n x^.-^ ,^.-^ n ■ • • n ^^-^ ^„.;.-^ 

appears the subsets X^i and Xfi with the same first subindex t^, then the 
second ones have to be equal, a = /?, or the intersection (jlip is empty. Therefore, 
each term of the union is intersection at most of n — 1 sets, or it is empty. But the 
n—1 sets Xr^i^ are the unique sets which appear in the decomposition of TTkiXj^xj) 
for all j. Then, they appear in each not empty term of the union. 

Therefore fXjZi T^k{Xj^xj) = <^r=i-^r,ir o^" it is empty. But we have already seen 
that it is non empty, so TTk{x) is well defined. 
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On the other hand, the braid group equations imply that 
ifl<A;<n — 1 and 
if |i — fc| > 1, hence 

TTfeTTfe+iTrfc = Trfc+iTTfcTrfc+i 

for all k such that 1 < fc < n — 2, and 
if \j -k\> 1. 

Therefore tt is an action of the braid group B„ on X. □ 



Observe that the proof of the Theorem 12. 21 can be used for other groups such as 
Artin groups. This topic will be studied in future works. 

One property of self-adjoint representations is that they are completely reducible. 
In fact, if is a 0-invariant subspace of V, then W-^, the orthogonal complement 
of W^, is an invariant subspace oft/)* = (p. Moreover, if the representations 4> satisfies 
the hypothesis of the theorem 12. 2[ the following corollary said that it is a direct 
sum of irreducible representations of that type. That is 

Corolary 2.4. Let {4>(x.Tr,u.u)j^ = ®xex representation o/ B„ which 

satisfies the conditions of the Theorem \2.HX Then, every invariant subspace W 
of V is a direct sum space W = ®j.fzx„ ^x, where Xw C X, Wx C Vx and 
^T^k(x) = ^x for all X G Xw 

Proof. Let C be an invariant subspace, then W is also invariant for (f>{Tk)* — 
4>{Tk). Thus, 0(rfe) commutes with Pyy, the orthogonal projection onto the subspace 
W. _ 

Therefore, (pk ■— Pw4>kPw is a representation of B„ on W that verifies the 
hypothesis of the Theorem 12.21 In fact, 

(pk = Pw<f>kPw(t)kPw = Pw<t'kPw = 2^ \^iPwPk.,lPw = \,lQk,l 

iGi lei 

and 

2 2 

(pk (t>j = Pw4>lPwPw4>]Pw = Pw4>l4>']Pw 

~2~2 

Pw(l>j4'kPw = <!>] (f>k 

Finally 

4>kQj,l4>k = Pw4>kPwPwPk,lPwPw'Pk^Pw = Pw4>kPk,l4>k^Pw 

belongs to the algebra generated by the projections Qjj because N — PwNPw- 
Then, '(j> = (I){Xw,7,w.vw,PwUPw)- Moreover 

Xw = {{xi, Xn-i) e X : PwPk,x^Pw 7^ for aU fc, 1 < A: < n - 1} C X 
and 

Wx = Hfc lia{PwPk,x,Pw) = ImPiy H (Hfc ImPfe,^J 
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Therefore, Wx C Vx for all x G Xw- Finally, the 7r-invariance of vw shows that 
^^k{xo) = for all X e Xw □ 

3. Known examples: Local Representations 

Let y be a vector space and c:V(S^V^V®VaTi invertible lineal operator, c 
satisfies the braid equation if it satisfies the following equality mV(E)V(E)V = V^^ 

(c (g) (E)c)(c(E) Iv) (Iv ® c)(c (g) (g) c) 

In this case (V, c) is called a braid vector space and c a i?-matrix. On the 
space 1/®" one may define a representation of B„ in the following way. For each 
fc = 1, . . . , n - llet c(Tfc) := Ck : ^ given by Cfc = U-i c ® l„_fc_i, 
where Ife = ly O ■ ■ ■ 03 ly, is the fc times tensor product of the identity on V; this 
representation is called local. 

If there exists a basis f3 = {vi, . . . ,Vm} ofV such that c{vi ^Vj) = QijVj (8) vt for 
all "i, j , ^ ^ i, j ^ ITT- where the qij are non zero complex numbers, the representation 
is called of diagonal type [T]. In this case, the operators Cfc satisfy the hypothesis 
of the theorem 12.21 if qij = qjl for all j, j, 1 < i, j < m. In fact, Ck is self-adjoint 
because qij = qji, moreover 

clivj, <E) ■ ■ ■ (E) VjJ ^ 9jl j.+i^^ii <E---®Vj,(E) Vj^^^ O • ■ • ® Wj„ 
If S* {(a, 6) : a, 6 e {1, . . . ,dim(F)}}, we have that 

^1= X! lfaM)Pk,{a,b) 
{a,b)eS 

where Pk,(a,b) is the projection over the subspace of V'^" generated by all the vectors 
Wji • • • ® Wj„ such that jk — ay jk+i — b. 

As c| is diagonal for all fc, c| and c| commute for all j. 

We have to see the condition (3) of theorem 12.21 In fact, 

P],ia,b) if \j -k\>l 

^ P .-1 - ; ^^'M if i = 

CkPUa,b)C, -<j J2'^^^^Pk-Ua,c)/\PkAc,b) H J = k - I 

Ec™^ ^fc,(a,c) A Pk+i,{c,b) a j = k + 1 

where P A Q is the orthogonal projection over the subspace ImP n ImQ. 

Therefore, following the proof of Theorem 12.21 the representation is equivalent 
to 0(x,7r,i.,c/), where 

(1) X = {{xi, . . . , Xn-i) : Xi = {ai,bi),ai,bi e {I, . . .,dimV} and bi = Ui+i}, 

(2) The action tt is defined by 

TTfc ((ai, 02), (02,03), . . . , (a„_i, 5„_i)) = 

= ((fli, 02), . . . , (afc_i, flfe+i), (a/c-i-i, Cfc), (a/c, 0^+2), • • ■ , (on-i, &n-i)) 

and 7rjr"'"(a;) = 7rfe(x). 

(3) = 1 for all xe X, 

(4) C/(Tfe,a;) = g^,,. 

Let a : V^" ^ V he the lineal operator defined in the basis of T/®" by 
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It verifies that Q;(cfe(wj^ (X> • • • — 4>k{a{vj^ ® ■ ■ • ®Vj^)) showing the equiv- 

alence of the representations. 

4. Irreducibility and Equivalence of Representations 

Given the 4-tuple {X, tt, v, U), we will analyze the irreducibility of the associated 
representation 4>(x.-k,u.u)- 

Theorem 4.1. Let 4>(^x,Tr.i,u) <^ self-adjoint representation ofMn that satisfies the 
hypothesis of the theorem \2.2l If the action tt is transitive, then the representation 
is irreducible. 

Proof. Observe that if U (r/j, x) — c for sll x E X and for all fc, then cj) = 4'{x,-k,i,u) 
does not satisfy the hypothesis of the theorem 12.21 Indeed, in such cases 

therefore 0| = c^lt,. 

Let C y be an invariant subspace, then by corollary 12.41 := Pw4'Pw — 

where Xw X,Wx C 14 and W^^x = Wx- 
As i^{x) = 1 for aU x £ X,Wx (=C, then Wx = or Wx ^ C, for x e Xw Let 

Y := {x e X : Wx = 0}. Now, as X = 7r(B„)a::o and Wj^^x = Wx for all x, then 

Y = 9 orY ^X. Therefore W = OorW ^V. □ 

Note that if U{Tk,x) = c for all x G X and for all k, then we have already 
seen that the representation (j) = (l)(x.7r,i,u) does not satisfy the hypothesis of the 
theorem 12.21 Even then we can consider the representation (j> of B„. Note that 
it is not irreducible. In fact v = J2xex ^ ^ generates an invariant subspace of 

We can obtain other irreducible representations of B„. 

Theorem 4.2. Let p be an irreducible self-adjoint representations o/B„ on a vector 
space W of dimension m such that 1 < m < oo. Let (X, tt, i/, U) be a A-tuple where 
B„ acts transitively on X, v{x) = m and U{Tk,x) := p{Tk) for all x G X. Then 
4>(x.Tr,u,U) ^■s irreducible representation of Mn of dimension \X\dim{W). 

Proof. 4'{x,TT,v,u) is a representation that satisfies the conditions of the Theorem l2.2l 
Let S be an invariant subspace of V := @^^x corollarv l2.4l S — ©^.gxs 

where Xs C X, Sx 'is a subspace of W and St^^x — Sx. Given y e Xs, we want to 
see that Sy is an invariant subspace by p. Let v £ Sy he a. non zero vector, let us 
see that for all fc, \ < k < n — 1, p{Tk)v G Sy. For each fc, let Vk — nky ®v £ S. 
Then 4'kivk) = TTkU ® U{Tk,Tr^^nky)v e S and U{Tk,y)v G Sj^^^y = Sy for all y by 
corollary [231 But U{Tk,y)v — p{Tk)v. Therefore p{Tk)v G 5*^ as we wanted. Thus 
Sy is p- invariant for all y G Xs, and Sy — oi W because p is irreducible. Now, 
TT acts transitively on X and S^^^y = Sy then Sy = for all y oi Sy — W for all y. 
Therefore 5" = or V". □ 

Note that this proposition permit us to construct, from a fixed irreducible rep- 
resentation, a sequence of irreducible representation of B„ of strictly increasing 
dimension. Therefore we can give explicit examples of irreducible representations 
of dimension arbitrary large. 

Theorem 4.3. For any positive integer M , there exists an irreducible representa- 
tion ofMn of dimension greater that M. 
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Proof. Let (j)m the representation given in the introduction. Let (Xi, tti, i^i, C/i) 
be a 4-tuple where Xi is the set of 71-tuples with m ones and n ~ m zeros, tti is 
the action given by permutation of the coordinates of X, vi is constant equal to 
dim(T^) = (^) and U{Tk,x) = (pmiTk)- Then, by the previous theorem 0i = 
0(Xi,Tri,iyi,c/i) is an irreducible representation of ]B„ of dimension 

l^il = 

If QY > M, we have obtained the wished representation. If not, we repeat 
the process. Let {X2, 7^2,1^2,1^2) such that X2 := Xi, 7:2 '■— tti, i'2{x) — ) and 
U2{Tk,x) — (l)i{Tk). Thus, the dimension of 02 is (^j)'^- Repeating this process, 

there exists r > 1 such that ( " ) > M. Thus, 0r-i is the wanted representation. 

□ 

It is known that transitive actions of a group G on a set X are in correspondence 
with subgroups H that fix an element xq of X . We wonder if the construction of the 
proposition 14.21 is the Induced Representation of the representation p restricted to 
H . In general, the answer is no. Before showing an example where the constructions 
are different, recall that the support of the character of an induced representation 
is concentrated in H. 

Let m > 4 and let p = be the irreducible representation of B„ given in the 
introduction. Let X — Xm be the set of n-tuples with m ones and n — m zeros. The 
action tt of permuting the coordinates of X is transitive. Let (j) = 4>{x.'k,v.u) 
representation constructed in theorem 14.21 with the previous parameters. Finally, 
let X be the character of this representation. If H is the subgroup of B„ that fixes 
xo = (1, . . . , 1, 0, . . . , 0), then xC'^m) > [n-2)\{m-n)\ > 1 7^ but does not belong 
to H . Therefore is not an induced representation. 

We are going to finish this work with a results about equivalence of representa- 
tions associated to 4-tuples. Suppose that 4>(x-i^.TTx,iyi,Ui) is equivalent to </'(X2,7r2,i^2 C/2)' 
where Xi = X2, tti — 1^2 and the 4-tuples satisfy the hypothesis of the Theorem 
12.21 Then, there exist an operator c : V ~ ^ W ^ ®Wx such that, for 

each fc, c0fc = 4>kC. Therefore, the spectral projections of 4>k are conjugated to the 
spectral projections of (pk- Thus, dim(Va;) = dm\{(^^\luYPk,Xk) = Aivii{Wx) and 
vi{x) = V2{x) for all a; e X, that is Vx — Wx, suppose Vx = Wx for all x. Therefore 
c is decomposed in blocks c{x) that acts in each Vx and they satisfy that 

(12) c{TTkX)U{Tk,x)c{x)~'^ = U{Tk,x) 

Therefore a necessary condition for two 4-tuples {X, tt, vi, Ui) and {X, tt, 1/2, U2) 
to define equivalent representations is the existence of an operator c :V —> W such 
that it decomposes in blocks c{x) that acts in each Vx such that (fT2|) is true. 
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